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Abstract : We revisit the Auderson-Hasegawa double-exchange model and cri<ically examine its exact solution when the core spins are treated 
quantum mechanically. We show that the quantum effects, \\\ the presence o f an additional supcrexchange interaction between the core spins, yield a 
term, the significance o f which has been hitherto ignored. The quantum consideraiiotts further lead to new results when polaronic effects, believed to 
l)C ubiquitous in manganites due to electron-phonon coupling, arc included. The cc^nsequencc o f these results for the magnetic phase diagrams and 
the ihennal heal capacity arc analysed
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L Introduction
The di.scovcry of colossal magnetoresistance (CMR) fl] 
in rare-earth manganites, with the general composition 
Ri_,A,Mn03 (where R and A arc rare-earth and alkaline 
earth ions, respectively ), have renewed intense 
investigations in these materials. Zener [2] first proposed 
the ‘Double Exchange’ (DE) model for appropriate 
iiuerprctation of ferromagnetism and mctallicity in the 
doping range 0.2 < a* < 0.4. The basic unit which is the 
illustrative of manganese perovskites is the Mn^^-O-Mn^^ 
triad. This can be encapsulated within a simple two site 
model of Andersen and Hasegawa [3-5]. One of the 
directions in which the Anderson-Hasegawa treatment 
has been extended is to recognize the importance of an 
additional supcrexchange term between the core spins 
proportional to S 1.S2. It has been assumed in the literature 
dll now that the shperexchange term can be simply taken 
as an extra term to be added to the Hamiltonian and that 
the large Hund’s rule coupling affects only the process of 
charge transfer in these systems. For simplicity, usually 
the core spins are considered classical though the 
^pins of and Mn^ "^  are only 3/2. The exact quantum
treatment |6] of the core spins to calculate the double 
exchange Hamiltonian as well as supcrexchange interaction 
between adjacent localized core spins, in the limit of 
strong Hund's rule coupling, shows that the classical 
approximation is not a proper generalization of the system.
As the value of the core spins in most studied CMR 
systems is indeed finite -  three-halves for manganese -  
it is important to delineate the quantum versus classical 
effects, especially while considering additional phenomena, 
e.i^, polaron-induced hopping and thermodynamics. With 
this aim in mind, we organize the paper as follows. We 
present in Section 2, the issue of polaron-assisted hopping 
in the light of our fully quantum calculation. The results 
in this section are then employed in Section 3 for the 
computation of heat capacity and phase diagram, wherein 
we also specify the difference between our results and 
those which treat the core spins classically [7|. Finally, 
in Section 4, we present some concluding remarks.
2. Formulations
Our starting point is the Hamiltonian for a two site one 
electron model, including the suj>erexchange interaction, 
given by
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Here» l is ihe hopping matrix element for the itinerant 
electron between the two sites, iCn) is the creation 
(annihilation) operator of the itinerant electron at site / 
having spin projection r, Ju is the Hand's rule coupling 
strength, S, is the core spin at site i and CT, is the spin 
of the itinerant electron at the site /. 'fhe parameter J is 
the supercxchange interaction strength between the core 
spins in the nearest neighbour sites. For our case, we 
consider |S,|= .V, Lt\ the core spins on all the sites arc 
taken to have the same value.
From the exact eigenvalue of 77/^, we may take the 
large J,f limit by expanding upto 0(\IJn) and write an 
effective Hamiltonian for the two-site one electron case 
as [6J
77cM “ / 25 + 1
(cjc2 + //(*.)+ JSj.So
+AEj (/tj +/I2) . (2)
Here, So is the magnitude of the total spin (localized plus 
itinerant) given by |S| + + <r|, and
J 2 S - S ' - , , , ,AEj = -------------(S +1),
■’ 2 25 + 1 (3)
where 5 ' = 5 o ~ l /2 .  The spin index rh a s  been omitted 
from eq. (2), for the sake of brevity, as the spin moment 
of the itinerant electron in any case is parallel. The first 
term in eq. (2) is the one obtained by Anderson-Hasegawa 
when the localized spin is treated quantum mechanically. 
The third term, represented by the number operators 11^2) 
for the itinerant electron, modifies the double-exchange 
mechanism in the presence o f the superexchange 
interaction given by the second term in eq. (2). This on­
site term, proportional to AEj, we should emphasize, is 
hitherto not widely considered in the literature, and is a 
direct consequence of the quantum nature of the localized 
spin. It is to be noted that in the ferromagnetic limit (i.e., 
5 '=  2 5 )  this term vanishes exactly. In the classical 
limit, this extra term goes to zero [6] in both the 
ferromagnetic as well as the antiferromagnetic limits. 
Thus, we see a clear distinction between the classical
and the quantum results in the antiferromagnetic limit 
We emphasise that in taking the purely classical 
expression, one actually lo.scs the effect of the quantum 
fluctuations which are present in these systems not only 
because of the fluctuating spins but also due to the 
hopping being correlated with the spins on the lattice. A 
variety of interesting physical phenomena could be studied 
by taking into consideration the quantum Hamiltonian 
One of these concerns the polaron effects, which arc 
discussed below.
Experiments in manganites -  both thermodynamic and 
transport -  seem to suggest the importance of polaron 
formation and the consequent localization of charge 
carriers [8|. The minimal model which reflects such 
lattice carrier interaction on the double-exchange can be 
introduced by incorporating the Holstein mechanism on 
the Anderson-Hasegawa Hamiltonian. In the limit of 
large Hund’s rule coupling, wc may write a two-siic 
Andcrson-Hasegawa-Holstein Hamiltonian as.
2 .
^  ^ Well + X  "< ^ 2"i) ■2)
;=1
, 2
+ (b, + b^ ) j+ 0J(, ^  b / b, (41
/--I
where, denotes the on-siie (intersite) cleclron-phonon 
coupling strength. Note that we have considered a single 
phonon mode for interatomic vibrations of frequency a\^  
for which and 7?/ are the annihilation and creation 
operators.
We separate out the in-phase mode and the out-of­
phase mode by introducing new phonon operators 
o = (b|+f>2)/>/2 and d = (b ,-b 2 )/V 2  in the Hamilto- 
nian. The in-phase mode does not couple to the electronic 
degrees of freedom whereas the out-of-phasc mode does, 
leading to a Hamiltonian /7j, given by.
1^
Hj=Q}od^d + A E j ^ n , - t
/=!
+ g_<Uo(M| (5)
which represents an effective electron-phonon system. 
Following [9], we use a Modified Lang-Firsov (MLF) 
transformation with variable phonon basis and obtain,
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= (O^d^d + ^ G p  n, - 1 k C2 exp(2A(rf^ - d)) 
+C2C1 exp(-2A(d^ -i/))]+  7S,.S2 + AE^
+W o(g_-A )(/i,-n2)('^ + ^ ^ )^- (6)
where R = A(/i| -  /i2)(£/* -  tf), A is a variational parameter 
related to the displacement of the d  oscillator, g_ = (g, 
-  82V ~ ^ ( 2 ^ -  ~ A)A. The basis set is
given by |±,A^) = - ^ ( c / ± C 2)[o)^|Af), where |+ ) a n d |- )
are the bonding and the antibonding electronic states and
I A' ) denotes the A^ -th excited oscillator state within the 
MLF phonon basis. The diagonal part of the Hamiltonian 
Hj in the chosen basis is treated as the unperturbed 
Hamiltonian (Ho) and the rem aining part o f the 
Hamiltonian as the perturbation. The
unperturbed energy of the state |±.A/) is given by
£<«> =(Ar.±|f/o|±,Ar)
= A/fl)o+€p
|ss0
. +75^.52»
1
*^ 0 + ^ J^ \
where = / _ ^ c x p ( - 2 A ^ ) ,  Ale, = -
(7)
The
25+1 * ' "  (^ - /) ! t!
general off-diagnoal matrix elements of Hi between the 
two states |±,1V) and |± iA f) may be calculated for (A1 
-  Af) > 0 as in Ref. [9]. The unperturbed ground state is 
the 1+>|0) s ta te  and the unpertu rbed  energy, 
p -tfff + yS |.5 2 . However, in this exact quantum 
limit of core spins, for given values o f g_ and 7, 
can have four values corresponding to ferromagnetic 
(PM), canted 1 (C A l) , can ted  2 (CA 2) and 
antiferromagnetic (AFM) orientation of the two spins for 
IS12I = |S| + S2I = 3, 2, 1, 0 respectively. Minimizing the 
unperturbed ground state energy A is calculated and is 
given by
«>0+2fefr
(8)
We have evaluated the perturbation correction to the 
energy upto the sixth order and the wave function upto 
the fifth order. The convergence of the perturbation 
series is very good for r/ob s; 1. To obtain the ground 
state spin order of the core spins we calculate the energy 
for each set of values of g_ and J  with four possible S 12 
and find out the combination for which the energy is the 
minimum.
It is expected that the charge transfer from site ' 1’ to 
‘2’ depends on the spin order of the core spins as well 
as th® electron-phonon interaction. In the double-exchange 
model, the effective hopping reaches its maximum value 
in th(| ferromagnetic slate and decreases as it approaches 
the ^tiferromagnetic limit. Moreover, in a lattice, the 
electron produces lattice deformations and which in turn 
localise the electron for strong electron-phonon coupling. 
To study the polaronic character one calculates the static 
correlation functions (n|Ui)o and (/i|U2)o where Ui and 
«2 are the lattice deformations at sites 1 and 2 respectively, 
produced by an electron at site 1 [9,7]. In the present 
report with a two-site one electron model, following [7],
Acorr
we calculate -  < «i («i -  «2) >0  ^g -  = ------  study
g -
the nature of the polaron crossover for different ranges 
of g. and J. In the ‘large’ polaron limit this parameter 
takes a small value, while with increasing electron-phonon 
coupling it tends to unity, showing a distinct crossover 
from ‘large’ to ‘small’ polaron behavior. The measure of 
delocalization of the electron for various ranges of g_ as 
well as J will be evident from the kinetic energy. So we 
have also calculated the kinetic energy, given by.
i^n - ( ¥ c - d ) )
+C2C, exp(-2A(d^ -< f ) )w c (9)
where y/a is the ground state wave-function, is evaluated 
upto the fifth order in the perturbation. The numerical 
evaluation of will be presented below in Section 3.
3. Phase diagrams and specific heat
If the localized core spin at each site is 3/2 then the 
possible values of |S| + S2| = S 12 are 3, 2, 1 and 0. The
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ferromagnetic (FM) and antiferromagnetic (AFM) orders 
are obviously related to = 3 and 0, whereas S|2 = 2 
and 1 are referred as canted 1 (CAl) and canted 2 (CA2) 
states respectively. The Figure 1 shows the phase diagram
Flguic 1. The g_ vs J phase diagram for 5 * 3/2, f « 1 and <U( * t. 
(A) and (B) denote laige polanin and ainall polaion regions, reflectively.
FM FM FM
J  =  0.09
CAl!
J  =  0.04 J s0.01
CAl
0.5
CAjt c x i
AFM AFM
1 1.5
AFM
2.5
Figure 2, Variations of ground state spin configuration |S| ■¥■ 5]| with g_ 
for r E I and /  s  0.01, 0.04 and 0.09 (in units of 1)-
for the four possible spin orders for our system, in the 
g_ vs J  plane. For small values of g_ and J, the FM 
state is the most stable one, and with increasing J, the 
ground state first becomes CAl and then CA2. For a 
very large value of the superexchange interaction J, the 
system is in an AFM order for any value o f g_. However, 
with increasing electnm-ph(mon interaction g_, the CAl 
and CA2 phase become narrower. Indeed, for larger
values of g_ the FM state appears for very low J but 
with a small increase of J  the system transists to the 
AFM phase. The CAl and CA2 phases in fact do not 
appear at all as the phase changes from the FM to APM 
state with increasing superexchange interaction J, for 
large values of g_. It can be further shown that for a 
very large value of g_ the ground state is AFM for any 
value of J. Recently Capone and Ciuchi [10] also got 
similar phase diagram.
It is evident from the phase diagram that for a 
particular value of J  the ground state changes as the 
electron-phonon coupling ( g j  increases (Figure 1). But 
the change of phase from one to another is not continuous 
with g_, for the quantum consideration of the core spins. 
This is shown in figure 2. For small values of 7 s  0.01, 
the FM state exists even for a large value of g_ and then 
it sharply changes to the AFM state. On the other hand, 
for larger values of 7 = 0.04, 0.09, the system passes 
sharply to the canted phases (CAl and CA2) and then 
the AFM state, with increasing g_. For 7 = 0.04 the CAl 
and CA2 regimes are very narrow and for 7 = 0.09 the 
CAl and CA2 orders persist for a wider range of g_. 
This is to be contrasted with the classical core spin 
model in which a similar study (7] shows that the 
transitions to different core spin orientations are continuous 
for the same range of values for g_ and 7. In the 
classical case only three phases (FM, AFM and Canted) 
are present. The relative angle 0  between classical core 
spins can take any value from 0 to /i; so any spin 
orientation other than FM (9  = 0) and AFM (9 = Jt) 
yields a canted phase. Hence, in the classical limit of the 
core spins, for certain values of 7, the FM-AFM transition 
is a smooth and continuous transition with g_, whereas 
for spin 3/2, the FM-AFM transition with g_ is never 
continuous for any 7.
The probability of hopping of the itinerant electron 
from site to site is a maximum in the FM state as would 
be expected from the double-exchange mechanism. But, 
fw  a very strong electrcm-phonon coupling g_, the electron 
may be localized forming a small polaron. For low 
values of 7  we find both small and large polaron ground 
states in the FM phase (Figure 3). The large to small 
polaron crossover is indicated by the relative deformation 
of die two lattice sites which is measured by the static
correlation function . In Figure 3 the kinetic energy 
$-
r™ is large for small values o f g_, where the polaron
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large, and for large g_, the kinetic enetgy reduces
rapidly, while
g-
rises, showing a snraoth crossover
to the small polaron regime. The classical and quantum 
formulations of the double-exchange model turn out to 
be the same in the FM limit of the core spins. So the 
nature of the kinetic energy and the polaron crossover in 
the PM state, as shown in Figure 3, will be unaltered in 
the classical limit of core spins. However, in the AFM 
limit the two approaches (classical and quantum) are not 
equivalent, as has been argued earlier also. In the S —> 
limit the hopping probability is zero for the AFM case, 
while for 5 = 3/2 the parameter modifying the hopping 
probability t, takes a finite value 0.25 resulting in a finite 
charge transfer, even in the AFM limit.
clearly in Figure 4. It is further evident that in a double­
exchange system, both the magnetic transitions and the 
electron-phonon coupling localize the electron, when the 
polaron crossover and magnetic transititxis are overlapping. 
The locations of the large polaron region (A) and the 
small polaron region (B) are indicated in the g_ vs J  
phase diagram (Figure 1). Thus the results presented in 
Figure. 3 and Figure 4, have a bearing on the transport 
behaviour of our model.
Fijiure 3. Variations of and with s_ for / = 1.0, J -  0.01.
In Figure 4, we show the nature of variation of the 
kinetic energy as well as the polaron crossover in different 
magnetic ground states. For J  = 0.09 the ground state is 
FM for low g_ and with increasing g_, the ground state 
changes sharply to C A l, CA2 and lastly to the AFM 
state. Since at each transition (from FM -> CAl CA2
AFM) the effective hopping reduces due to the double­
exchange interaction, it is obvious that the kinetic energy 
will show a shaip drop at each transition point. It is 
expected that the polaron crossover will also show 
concomitant sharp jumps at each magnetic transition and 
the crossover to small polaron behaviour will occur at 
lower value of g_ than in the FM limit. TTiis is diown
KEFigure 4. Variations of effective kinetic energy (clashed line) and 
polaron crossover (solid line) with for / = 1.0, 7 » 0.09.
KEThe sharp jumps in and A a J S -  occur at values of where the 
magnetic transitions take place (see Figure 2).
Having discussed transport we now redirect our 
attention to thermodynamic properties. According to 
experiments [11], the specific heat C  of CMR manganites 
has contributions from conduction electrons, lattice and 
spin waves. Very recently we have computed [12] the 
heat capacity using an exact treatment of the Anderson- 
Hasegawa two site model incorporating the presence o f 
superexchange and poiarons. Our calculated results point 
to the dom inance o f lattice contribution in the 
ferromagnetic region. In Figure 3(a) of Ref. [12], we 
have shown that in the FM ground state the 'P  behaviour 
of the specific heat is more pronounced which is in 
qualitative agreement with experimental findings [11]. 
However, while calculating the heat capacity in 5 ->  <« 
(classical cott spin) limit it is seen dial spin wave 
contribution will be ddminant i.e., C, «* T’® in FM case. 
This is depicted in Hgure S. Dominance o f the 7 ^  
behaviour of specific beat in classical limit is due to
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Figure 5. Varialtion of Cv/f'^ with l/>/r for g_ = 0.1, J = 0.02, 
r E 1 and = 1. Here Cv is in arbitary units and the effective 
temperature f  a ksTcn,. the ground state is FM and the local spins are 
taken classical (S -> <»).
averaging over all possible relative orientations of core 
spins. The difference in the quantum and classical cases 
for specific heat, as far as the core spins are concerned, 
is exemplified in Figure 2 of Ref. 112] for FM case. The 
quantum results evidently yield the correct low-temperature 
limit.
4. Conclusions
In the present paper, we discuss the quantum effects in 
the presence of the superexchange interaction in the 
Anderson-Hasegawa double exchange model. Including
the Holstein interaction term in this quantum double 
exchange model, we analyse the consequences of classical 
and quantum limit of core spins, by calculating magnetic 
phase diagrams, polaron crossover and thermal heat 
capacity. The discreteness, associated with the effective 
hopping as a result of quantum nature of the local spin, 
has significant consequences for magnetic phases and 
thermodynamic properties.
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